The evolution of a C k -regular Lie group G is shown to be smooth as a map to C k+1 ([0, 1], G). We also give examples of non-regular Lie groups (modelled on non-Mackey complete spaces) for which some fundamental Lie-theoretic statements are false (whose counterparts for regular Lie groups are true and well-known). Moreover, a C 1 -regular Lie group is described that is not C 0 -regular.
Introduction and statement of the results
Let G be a Lie group modelled on a locally convex space (with neutral element e and Lie algebra L(G) := T e (G)), as in [5] , [12] , and [20] (cf. [18] for the case of sequentially complete modelling spaces). Given g ∈ G, we use the tangent map of the left translation λ g : G → G, x → gx to define g.v := (T x λ g )(v) ∈ T gx (G) for x ∈ G, v ∈ T x (G). (1) is smooth (see [20] ; cf. [10] , where the property is referred to as strong C kregularity). Let C 
A Lie group is called regular if it is C
∞ -regular (see [20] ; cf. [18] for the sequentially complete case, and [15] for corresponding notions in the convenient setting of analysis). 1 The special case k = ∞ of Theorem A (i.e., the special case of regular Lie groups) is known; see [21, Lemma A.5 (1) ]. We recall that the modelling space of a regular Lie group is necessarily Mackey complete (see [20, Remark II.5.3 (b)]). We refer to [14, 2.14] for the definition of Mackey completeness. Let r ∈ N ∪ {∞}. It is known that a locally convex space E is Mackey complete if and only if the weak integral 1 0 γ(t) dt exists in E for each C r -curve γ : [0, 1] → E (cf. [14, 2.14] ). The additive group of a locally convex space E is regular if and only if E is Mackey complete [20, Proposition II.5.6 ].
Let us say that a Lie group is 1-connected if it is connected and simply connected. Consider the following statements: (c) If G is a 1-connected abelian Lie group, then G ∼ = E/Γ for the additive group (E, +) of some locally convex space E and some discrete additive subgroup Γ ⊆ E.
It is well-known that (a) holds if G is regular, whence (b) holds if G and H are regular (see Theorem III.1.5 and Corollary III.1.6 in [20] ; cf. [18] for the sequentially complete case). If G is regular, the preceding implies (c) (as in [19, Remark 3.13] ; cf. [17] for an analogous result in the convenient setting). Finally, (d) is a well-known consequence of regularity of G (because γ v = Evol(t → v); see [20, Remark II.5.3 (a)] or [18] ). As our second result, we show that all of these familiar facts become false for suitable non-regular Lie groups modelled on non-Mackey complete spaces.
1 Compare also [22] for an earlier concept of regularity in Fréchet-Lie groups, which is stronger than C 0 -regularity.
Theorem B. All of the preceding statements (a), (b), (c) and (d) are false for suitable examples of 1-connected abelian Lie groups G and H modelled on non-Mackey complete spaces, and the counterexample for (d) can be chosen such that L(G) = {0} and γ v exists for no non-zero vector v ∈ L(G).
Moreover, there is a connected infinite-dimensional Lie group K 1 such that the only group homomorphism (R, +) → K 1 is the trivial map t → e.
The negative answer to (b) answers a problem by Neeb [20, Problem II.3] . Whether Mackey-completeness or sequential completeness of the modelling spaces suffices for a positive answer, without the assumption of regularity (as originally asked by Milnor) remains unknown.
Let us say that a locally convex space E is integral complete if the weak integral 1 0 γ(t) dt exists in E, for each continuous path γ : [0, 1] → E. It is known that this property is equivalent to the metric convex compactness property, meaning that the closed convex hull of every metrizable compact subset K ⊆ E is compact [24] . Varying Remark II.5.3 (b) and Proposition II.5.6 from [20] , we also show:
(a) Each C 0 -regular Lie group has an integral complete modelling space.
(b) The additive group of a locally convex space E is a C 0 -regular Lie group if and only if E is integral complete.
(c) The additive group of a locally convex space E is a C 1 -regular Lie group if and only if E is Mackey complete.
(d) There is a Lie group which is C 1 -regular but not C 0 -regular.
We mention that every finite-dimensional Lie group (and every Banach-Lie group) is C 0 -regular [20] . The group of compactly supported diffeomorphisms of a finite-dimensional smooth manifold M (cf. [16] ) is C 0 -regular [11] (cf. [22] if M is compact). Countable direct limits of finite-dimensional Lie groups are C 1 -regular [9] . Criteria for the C 0 -regularity and C 1 -regularity of ascending unions of Banach-Lie groups can be found in [4] .
Preliminaries and notation
We write N := {1, 2, . . .} and N 0 := N ∪ {∞}. All locally convex spaces are assumed Hausdorff. The terms "Lie group" and "manifold" refer to Lie groups and manifolds modelled on locally convex spaces, as in [5] , [12] and [20] . The notion of C k -map between locally convex spaces is that of Keller's C k c -theory (see [5] , [16] , [18] , [20] for expositions in varying generality), as extended in [12] to the case of maps on locally convex subsets of locally convex spaces (each point of which has a relatively open, convex neighbourhood):
1.1 Let E and F be locally convex spaces, r ∈ N 0 ∪ {∞} and
exist for all i ∈ N 0 with i ≤ r and x ∈ U, v 1 . . . , v i ∈ E, and
1.2 In [12] , one finds the concept of a C r -manifold M with rough boundary, modelled on a locally convex space E. In contrast to an ordinary manifold, the charts φ : U → V of such M are C r -diffeomorphisms from an open subset U of M to a locally convex subset V ⊆ E with dense interior. Manifolds with C r -boundary or corners are obtained as special cases.
We shall also need C r,s -maps, the theory of which was developed in [1] and [2]:
1.3 Let E 1 , E 2 and F be locally convex spaces, r, s ∈ N 0 ∪ {∞} and
exist for all i, j ∈ N 0 with i ≤ r, j ≤ s and (x, y) ∈ U × V , v 1 . . . , v i ∈ E 1 , w 1 , . . . , w j ∈ E 2 , and the map
so obtained is continuous. If U and V are merely locally convex subsets with dense interior, we say that f is C r,s if f | U 0 ×V 0 is C r,s and each of the maps d i,j (f | U 0 ×V 0 ) has a continuous extension to a mapping as in (1).
We recall from [2]:
(a) A mapping to a (finite or infinite) product of locally convex spaces is C r,s if and only if all of its components are C r,s .
(b) If g is a C r+s -map and f a C r,s -map taking its values in the domain of g, then also g • f is C r,s .
and F are locally convex spaces, U ⊆ E 1 a locally convex subset with dense interior and f :
(e) If E 1 , E 2 and F are locally convex spaces, U ⊆ E 1 and V ⊆ E 2 locally convex subsets with dense interior and f :
(f) If E 1 , E 2 and F are locally convex spaces, U ⊆ E 1 and V ⊆ E 2 locally convex subsets with dense interior and f :
The following is obvious:
(g) If E 1 , E 2 and F are locally convex spaces, U ⊆ E 1 and V ⊆ E 2 locally convex subsets with dense interior and g :
and N are smooth manifolds modelled on locally convex spaces (possibly with rough boundary) and r, s ∈ N 0 ∪ {∞}, then a map
for all charts φ 1 :
1.6 In view of 1.4 (b) and (c), f is C r,s if and only if for all (p 1 , p 2 ) ∈ M 1 ×M 2 , there exist φ 1 , φ 2 and φ with (2) and (3) such that p 1 ∈ U 1 and p 2 ∈ U 2 .
If
To see this, let p 2 ∈ M 2 and pick charts φ 1 , φ 2 and φ with p 1 ∈ U 1 and p 2 ∈ U 2 as in 1.6. Thus g :
The following fact is well known and easy to check.
If G is a Lie group and r
is a Lie group, as is well known. If φ : U → V ⊆ E is a chart for G such that e ∈ U and φ(e) = 0, then
, and the map φ * :
.g., [12] ; cf. [7] ). 
Note that
C r * ([0, 1], E) := {γ ∈ C r * ([0, 1], E) : γ(0) = 0} is a closed vector subspace of C r * ([0, 1], E) in the preceding situation. Since φ * takes C r ([0, 1], U) ∩ C r * ([0, 1], G) onto C r ([0, 1], V ) ∩ C r * ([0, 1], E), we see that C r * ([0, 1], G) is a Lie subgroup of C r ([0, 1], G) modelled
1.11
If H ⊆ G is a Lie subgroup modelled on a closed vector subspace, then so is
is smooth if and only if it is smooth as a map to C r ([0, 1], G)).
In fact, the chart φ in 1.9 can be chosen such that φ(
is a Lie subgroup modelled on the closed vector subspace C r * ([0, 1], F ).
1.12
Let G be a Lie group and µ : G × G → G be the group multiplication. Then T G is a Lie group with respect to the multiplication
identifying the left hand side with T G × T G. The zero section θ :
is a smooth group homomorphism, and actually an isomorphism onto a Lie subgroup modelled on a closed vector subspace. Hence also
an isomorphism onto such a Lie subgroup, by 1.11. Likewise, the inclusion map α : L(G) → T G is an isomorphism onto a Lie subgroup modelled on a closed vector subspace, and hence so is α * :
This will be useful later.
1.13
If M is a manifold, E a locally convex space and f : M → E a C 1 -map, we identify T E with E × E as usual and letdf : T M → E be the second component of T f : T M → E × E. Thus T f (v) = (f (p), df (v)) if v ∈ T p M.
Auxiliary results
We first establish differentiability properties for some relevant maps.
Recall that the left logarithmic derivative δ ℓ (γ) :
Lemma 2.1 Let G be a Lie group and k ∈ N 0 ∪ {∞}. Then the map
is a smooth group homomorphism, and also the following map is smooth:
Proof. Let E be the modelling space for G. The map
is continuous linear (see [2] ; cf. also [8, Lemma A.
, G) be the inclusion map (which is a smooth homomorphism), σ : G → G, g → g −1 be the inversion map and
be the smooth group multiplication of
for γ ∈ C k+1 ([0, 1], G) and thus
with D as in Lemma 2.2. Thus α * • δ ℓ is smooth, i.e., δ ℓ is smooth as a map to C k ([0, 1], T G). Then δ ℓ is also smooth as a map to C k ([0, 1], L(G)) (see 1.12), which completes the proof. ✷ It will be useful later that the C r -manifold structure on C k+1 ([0, 1], G) is initial with respect to suitable maps.
Proof.
Step 1. Let E be the modelling space of G. Then the map
is linear and a topological embedding with closed image (see [2] ; cf. also [8, Step 2. Let a chart φ : U → V ⊆ E for G and the pushforward
As it suffices to show that f | P is C r , we may assume P = M.
], G) and the right translation mappings
given by γ → γη (which are smooth). Then
r , where we use the smooth right translation map
is smooth as it is the second component of the chart
By
Step 1, h is C r . As a consequence, g is C r and hence also f . ✷ Lemma 2.3 Let G be a Lie group, k ∈ N 0 , r ∈ N 0 ∪ {∞},
and ι :
Proof. We show by induction on j = 0, . . . , k that f is C r as a map to C j+1 ([0, 1], G) . The same notation, δ ℓ , will be used for the corresponding map
. Let µ, θ, α and the pushforwards θ * :
with the smooth group multiplication (T µ) * : (4)) and hence also f (by Lemma 2.2).
If j > 0, let us make the inductive hypothesis that f is C r as a map to
be left logarithmic differentiation. Let 1 ∈ C k+1 * ([0, 1], G) =: P be the constant function t → e. Then, after identifying
in a suitable way, the tangent map of δ ℓ at 1 becomes the map
Proof. Let U ⊆ G be an open symmetric identity neighbourhood on which a chart φ : U → V ⊆ L(G) is defined, with φ(e) = 0 and dφ| L(G) = id L(G) . Let µ : G × G → G be the multiplication of G and σ : G → G be inversion. (5) and the map δ
Since φ * is a
, respectively, we deduce from the smoothness of δ ℓ U that also δ ℓ V is smooth. Applying the Chain Rule to (7) now gives
We claim that
is an isomorphism, we deduce from (8) and (9) that d(δ ℓ )| T 1 P is the map in (6), up to composition with the isomorphism T 1 (φ * ).
To verify (9), we only need to show that
for each s ∈ [0, 1]. The point evaluation at s being continuous linear, the left hand side coincides with
as required. ✷ Lemma 2.5 Let G be a Lie group, M be a manifold and f :
Proof. The first assertion is a special case of 1.7. To establish the second, choose a chart φ :
Since g is continuous and g({p}
is an open superset of the compact set {p} × [0, 1]. By the Wallace Lemma [13, 5.12] , there is an open neighbourhood P ⊆ M such that P × [0, 1] ⊆ g −1 (U) and thus g(P ×[0, 1]) ⊆ U. After shrinking P , we may assume that there exists a chart ψ : P → Q for M. Without loss of generality M = P . Let µ : G × G → G be the group multiplication and σ : G → G be inversion. Since f (p, .) : [0, 1] → G is C s by 1.7, using 1.4 (g) we deduce that the map
6 Let E be a locally convex space and k ∈ N 0 ∪ {∞}. Then
is a C ∞,0 -map.
Proof. Consider the map
using the scalar multiplication β :
, β(r, γ) := rγ. Now β is continuous bilinear and hence smooth. Moreover, the map π :
Because h is linear in its first argument, 1.4 (c) applies. Thus, the claim will hold if we can show that h is C 0,0 (i.e., C 0 ). To this end, consider the map [12] , cf. Step 1. By Lemma 2.5, Evol :
, G) will be smooth if we can show that the map
is C ∞,0 (using that Evol = (Evol ∧ ) ∨ ). However, using the C ∞,0 -map
from Lemma 2.6, 1.8 enables us to write Evol ∧ (γ, s) = Evol(γ)(s) = evol(S(γ, s)).
Thus Evol ∧ = evol •S, which is C ∞,0 by 1.4 (b) (being a composition of a C ∞ -map and a C ∞,0 -map).
Step 2. Consider the inclusion map ι : 1] , L(G)) and hence smooth as well. Therefore Evol :
is smooth, by Lemma 2.3.
Step 3. By 1.10, Evol is also smooth when regarded as a map
Also the map δ ℓ :
is smooth (by Lemma 2.1), and so is its restriction
Because the mappings in (11) and (12) are mutually inverse, we conclude that they are C ∞ -diffeomorphisms. The proof is complete. 
Hence K is a submanifold of A × modelled on H and hence a Lie (sub)group. We let G be the 1-connected covering Lie group of the connected component K 1 of 1 in K, and q : G → K 1 be the universal covering homomorphism. We identify L(G) with L(K 1 ) by means of L(q), and L(K 1 ) with H by means of the isomorphism dφ| L(K 1 ) . We now verify that G and H provide counterexamples for all of the statements (a)-(d) discussed in Theorem B.
First, we show that K 1 has the property described at the end of Theorem B. To this end, let γ : (R, +) → K 1 be a homomorphism of groups. Since K 1 is a subgroup of
(d) Let γ : (R, +) → G be a homomorphism of groups. Then q • γ = 1, as just observed. Hence im(γ) is a subgroup of ker(q) and hence discrete. If we assume that γ is continuous, then im(γ) is connected. Being also discrete, it must be {e}. Hence γ = e.
(c) If G was isomorphic to E/Γ as a Lie group with a locally convex space E and discrete subgroup Γ ⊆ E, then E (like G) would be infinite-dimensional. Hence a non-zero vector v ∈ E exists, and provides a non-constant smooth homomorphism R → E, t → tv, corrresponding to a non-constant smooth homomorphism R → G. But we have just seen that G does not admit nontrivial continuous one-parameter groups, contradiction.
(b) The Lie algebras of both (H, +) and G can be identified with the locally convex space H (with the zero Lie bracket). Both G and H are 1-connected, but they cannot be isomorphic because H has many non-constant smooth one-parameter groups (of the form t → tv with non-zero v ∈ H) while H has none.
(a) The Lie algebra homomorphism id H : H → H cannot integrate to a smooth homomorphism Φ : (H, +) → G, because for non-zero v ∈ H the map γ v : R → G, t → Φ(tv) then would be a smooth homomorphism with γ (d) According to [23, p. 267] , the Example 4.6.110 on p. 244 in [25] furnishes a locally convex space E which is Mackey complete but does not have the metric convex compactness property. Thus E fails to be integral complete, and hence (E, +) is a Lie group which is C 1 -regular (by (c)) but not C 0 -regular (by (b)). ✷
